We investigated several types of random lasing modes against frequency and the excitation of active medium. Random lasing occurring from multiple light scatterings and the interference effect of the scattered light has various complex lasing states in disordered structures, in which light waves are localized in various forms. Modes of random lasing are generally classified into localized, extended and transition modes based on their localization types. Numerical methods are used for analysing such complex phenomena. In this paper, a finite-element method is used to investigate the relationship among lasing modes, frequency and population inversion density of active medium for random lasing. Light amplification defined as the ratio of radiative powers between excited and non-excited states of the active medium is computed by changing both the frequency and the population inversion density of the active medium, which is modelled by the negative imaginary part of relative permittivity. The distributions of random lasing modes is strongly influenced by the lasing frequency. We also found that the localized modes that are strongly confined lasing modes in disordered structures do not appear in the frequency ranges in which mean free paths are approximately equal to the half-wavelength.
Introduction
Light control using optical nano-structures enables us to develop advanced optical devices, such as quantum computers, photonic-crystal fibres and laser devices. Low-threshold laser action is developed using zero group velocity at the band edge frequencies of photonic crystals that are periodic optical nano-structures [1] [2] [3] . 'Random laser' action in disordered optical structures [4] [5] [6] [7] [8] [9] has recently attracted the attention of many researchers [5] . Random lasers can emit coherent light within broad frequency ranges for a broad angle. Conventional laser devices do not match the capabilities of random lasers. Random lasers can be used in display applications and thermal sensing [10] . These lasers are triggered by random multiple scattering and interference. The modes of random lasers are classified as localized and extended modes [10] . The intermediate condition between these modes are called the transition mode [11] . Because the lasing properties of random lasers are influenced by these lasing modes, it is important to investigate the relationship among lasing modes, frequency and excitation of the active medium. However, previous studies have not discussed the relationship of the lasing modes against frequency and excitation of the active medium. Therefore, in this study, we investigated these relationships by analysing the laser action in two-dimensional random systems (2D-RSs) in which the space between the dielectric rods is filled with active medium via a finite-element method. The population inversion density of the active medium is modelled by assigning a negative value to the imaginary part of the relative permittivity. The amplification factor of the emitted light waves is defined as the ratio of radiative powers between the excited and the non-excited states of active medium. Electric amplitude distributions (EADs) of lasing states, which emerge as sharp peaks of the above amplification factor, are investigated to analyse the types of laser modes.
First, in order to investigate lasing frequency, we calculate the amplification factor for a certain range of the frequency. Next, we compute amplification factors by changing the frequency and the population inversion density of the active medium to investigate the dependence of laser action on the population inversion. Then, we classify the lasing modes into three types and investigate the relationship among the lasing modes, the frequency and the excitation of the active medium.
Formulation for the scattering problem
We simulate laser action in a 2D-RSs composed of an optically active material and dielectric rods. Figure 1(a) shows an image of a 2D random structure. Rods are assumed to be infinitely long in the vertical direction (z direction). Light waves are assumed to propagate in the xy plane. Figure 1 (b) shows a top view of the 2D-RS. We assume the dipole radiation as a light source at the centre of the 2D-RS. Abbreviations used in figure1(b) are explained in table 1. It is assumed that an optically active material is filled in the region act .
Derivation of basic equations from Maxwell's equations
We assume an oscillating electric dipole with an angular frequency ω as a light source at the centre of the RS, x 0 ( figure 1(b) ). Polarization P d occurring from the oscillating electric dipole is expressed, as follows:
where D d is the polarization vector oriented from the negative charge towards the positive charge, δ(x) is Dirac's delta function and i is the imaginary unit. The electric flux density D(x, t ) is expressed in terms of polarization P d as follows:
where E(x, t ) is the electric field, 0 and (x) denote the permittivity in vacuum and the position-dependent relative permittivity, respectively. We assume that electric and magnetic fields are timeharmonic waves with an angular frequency the same as that of the dipole and can be expressed as follows:
where H(x, t ) is the magnetic field. The following two equations are derived by substituting equation (2) into Maxwell's equations:
resulting in
where c is the speed of light in vacuum and satisfies the relation c = 1/ √ μ 0 0 in which μ 0 denotes the magnetic permeability in the vacuum. We define the total electric field E(x) as the sum of the scattering and incident fields as follows:
where E i (x) is the electric field in the region without scatterers and satisfies the following equation:
where i is the constant relative permittivity in out ( figure 1(b) ). By substituting equation (8) into equation (7), we obtain the following equation:
We substitute equation (9) into the right-hand side of equation (11) to obtain the following equation:
When we assume the TM mode, the incident field E i (x) satisfying equation (9) can be expressed by the zeroth-order Hankel function of the first kind H (1) 0 as follows:
We solve equation (12) using an FEM formulation based on the Galerkin method. Finally, we can obtain the total electric field E(x), defined by equation (8).
Population inversion density of optically active materials
The population inversion density of an optically active material can be modelled by a negative imaginary part of the relative permittivity −γ (γ > 0) [1] [2] [3] . Here, γ is a parameter proportional to the population inversion density of an optically active material. Therefore, the γ value at which a laser action occurs is interpreted as the threshold for the laser action [1] [2] [3] .
We assume a system in which the space among dielectric rods is filled with an optically active material and set the imaginary part of the relative permittivity in the space among the rods to −γ . The relative permittivity in the individual regions (figure 1(b)) is given as follows:
Definition of the amplification factor
Because of the assumption that electric and magnetic waves are time harmonic, we need to compute the Poynting vectors in the following time-averaged form:
where S is the time average of the Poynting vector S, Re(Z) represents the real part of the complex vector Z and H * denotes the complex conjugate of the magnetic field.
We define the amplification factor A as the ratio of the fluxes of the Poynting vectors of light, directed outward of the dielectric system, between the excited state (γ > 0) and the non-excited state (γ = 0) as follows:
The light flux is calculated by a line integral of the Poynting vector along the circle C out . 
3. The analysis model Figure 2 shows the present analysis model used in this study. There are 480 dielectric rods, illustrated by the solid circles with the 30% filling factor. The rods are assumed to possess identical cross-sectional radii, and the radius a is the characteristic length. The size of the analysis models is normalized by the characteristic length. The circles C g and C out surrounding the dielectric structure are illustrated by broken lines. The radius of C g is 40a, whereas that of C out is 41a. The centre positions of the dielectric rods are determined based on pseudo-random numbers, generated by the drand Fortran function. We use perfectly matched layers (PMLs) [12] to simulate light scattering in an open region. The optimized absorbing function for the Helmholtz equation [13] [14] [15] is used to minimize spuriously reflected waves. Square and rectangular regions surrounding out in figure 2 are assumed to be PMLs that absorb the light waves. Table 2 shows all the parameters used to create analysis models. We assume an oscillating dipole at the centre of the disordered systems, and thus, (x 0 , y 0 ) = (0, 0). Figure 3 shows the FEM mesh of the present analysis model. The regions rod , act and out are divided into The PML regions are discretized into square elements, as shown in figure 3(c) . Because the absorbing function of PML is nonlinear, it is difficult to analytically integrate the components of the stiffness matrix for this region. The use of square elements in this region makes it is easy to numerically integrate them using the Gauss-Legendre quadrature formula [15] .
Results
We calculated the amplification factor, defined by equation (16) 
Laser actions
We simulate laser action by changing both the frequency ωa/2π c and the population inversion density γ . The amplification factor values are plotted as the functions of (ωa/2π c, γ ). We seek divergent peaks of the amplification factor, which are interpreted as lasing phenomena, by sweeping the surface of the amplification factor. Figure 5 shows the results of the laser action obtained for a lower frequency range 0.121 ωa/2π c 0.136, which corresponds to 0.179 kl/2π 0.201, where k = ω/c and l are the wave number and transfer mean free path (TMFP), respectively. In general, random laser action occurs when the half-wavelength is approximately equal to the TMFP length, i.e. kl/2π ≈ 0.5. However, the TMFP is much smaller than the half-wavelength of light waves in the frequency range. There are 47 peaks of the amplification factor in the frequency range.
Random lasing phenomena in the lower frequency range.
To understand the mechanism, causing the laser action in the low-frequency range, 0.121 ωa/2π c 0.136, we investigated the EADs of certain laser actions. Figures 6 and 7 show the EADs of the extended and localized modes, respectively. In dielectric structures, light waves are intensively localized in the large vacant spaces due to a disordered distribution of dielectric rods, especially in the case of extended modes. Moreover, for EADs of different lasing modes, as shown in figure 6 , we observe that the intensity of light waves increase within certain common vacant spaces between the rods. This type of light localization may result in a smaller number of laser actions. Light waves cannot be localized in the spaces between rods except for large vacant spaces because the wavelength of the light wave is longer than the TMFP. narrow spaces between the rods. Some light waves permeate through the surfaces of the dielectric rods and are localized within them. We can consider that the light waves with a halfwavelength, that is a little longer than the TMFP oscillate in the disordered structure. Figure 11 shows the result of the laser actions for the frequency range 0.345 ωa/2π c 0.375. The fine meshed model is used to analyse light waves of high frequencies. The result is computed only for the range 0.00 γ 0.01 due to a large computational cost involved. Figure 12 shows the EADs in the state of extended modes for the frequency range 0.345 ωa/2π c 0.375. A halfwavelength of light is approximately equal to the TMFP in this frequency range, and hence, we observe fine interference patterns due to random light scattering. Light waves spread spatially in the dielectric structure.
Random lasing phenomena in the range

Random lasing phenomena in the higher frequency range.
Distribution of lasing modes
We investigated the distribution of the localized and extended modes, for the population inversion density γ and amplification factor. We classify the types of lasing modes using the ratio between the area in which light waves exist in C out and the area of C out . An intermediate state between the localized and the extended modes is termed as a transition mode. To find the common tendency of distributions, we analyse five different samples, with the same 30% filling factor but with different random arrangements, for the frequency ranges 0.121 ωa/2π c 0.136 and 0.225 ωa/2π c ones, and localized modes disappear in this frequency range and γ . In this frequency range, the TMFP is approximately equal to the half-wavelength of light: kl/2π ∼ = 0.5. In such cases, the light waves are localized as standing waves in the spaces between neighbouring rods. Such standing waves spread spatially in the dielectric structure.
Conclusion
In this study, we investigated the dependence of lasing properties on frequencies. We simulated laser actions for the frequency range 0.1 ωa/2π c 0.4. Three lasing frequency ranges were observed and the laser actions at each lasing frequency were simulated by using the FEM. The following results were obtained.
• The number of laser actions in the higher frequency range is greater than that in the lower frequency range.
• Light waves are localized in the large vacant spaces among the rods in the lower frequency range. In the case of the higher frequency, light waves exist as standing waves not only in the large spaces among the rods but also in the small spaces among neighbouring rods. These waves spread spatially in the disordered structures.
• In the case of the lower frequency range, both localized and extended modes were observed; however, as the frequency increases, the localized modes disappear and most of the lasing modes are the extended modes.
Appendix. Classification of lasing mode types
Each nodal value E I can be normalized by the maximum and minimum nodal values, max{E I } and min{E I }, as Figure A2 shows binarized images. The electric amplitudes are interpolated linearly within each element to find the points at which this amplitude corresponds to the threshold.
In the circle C out , we calculated the total area of the regions in which the normalized nodal values are higher than the threshold. The lasing modes are determined to be localized ones when this total area is smaller than 10% of the area of C out , whereas they are determined to be extended ones when the total area is larger than 25% of the area of C out . When the total area is larger than 10% and smaller than 25% of the area of C out , the lasing modes are determined to be transition modes.
